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BLOCH FUNCTIONS AND ASYMPTOTIC TAIL VARIANCE 


HAAKAN HEDENMALM 


Abstract. Let P denote the Bergman projection on the unit disk D, 

fi{w) 


P/j(2) 


■-! 

Jd 


■ dA{w), 


2 e D, 


Jd (1 - 

where dA is normalized area measure. We prove that if |fi{z)| < 1 on D, then the 
integral 


IJa,r) 




logi^ 


2n' 


0 <r <1, 


has the bound I^,{a,r) < C{a) := 10(1 - for 0 < fl < 1, irrespective of the 

choice of the function /.(. Moreover, for a > 1, no such uniform bound is possible. 
We interpret the theorem in terms the asymptotic tail variance of such a Bergman 
projection Pfi (by the way, the asymptotic tail variance induces a seminorm on the 

Bloch space). This improves upon earlier work of Makarov, which covers the range 
2 

0 < H < = 0.1542.... We then apply the theorem to obtain an estimate of the 

universal integral means spectrum for conformal mappings with a fc-quasiconformal 
extension, for 0 < Ic < 1. The estimate reads, for t e C and 0 < fc < 1, 


B(L t) < 


lk^\t\Hl + 7kf 

m - ■ 


for 

for 


k(l+7kp' 
2 


(1+7J:)2 ' ' ' - k(l+7k)^ ' 

which should be compared with the conjecture by Prause and Smirnov to the effect 
that for real t with |f| < IJk, we should have B(J:, t) = \k?t^. 


1. Introduction 


1.1. Basic notation. We write R for the real line, R+ :=]0, +oo[ for fhe posifive semi¬ 
axis, and C for fhe complex plane. Moreover, we wrife Ccx, := C U {oo} for fhe exfended 
complex plane (fhe Riemann sphere). For a complex variable z = x + iy e C, lef 


ds(z) := 


27t' 


dA(z) 


dxdy 

/ 

n 


denofe fhe normalized arc lengfh and area measures as indicafed. Moreover, we shall 
wrife 


_ 1 / ^ 


for fhe normalized Laplacian, and 


dz '■ = 


dx ^ dy]' 


dz 


-I— ■—) 

iXdx^^dyl' 
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for the standard complex derivatives; then A factors as A^ - d^dz- Often we will drop 
the subscript for these differential operators when it is obvious from the context with 
respect to which variable they apply. We let C denote the complex plane, D the open 
unit disk, T : = dD the unit circle, and Dg the exterior disk: 

D (z e C : |z| < 1}, := [z e Coo : |z| > 1}. 

More generally, we write 

D(zo, r):-\zeC: |z - ZqI < r] 
for the open disk of radius r centered at zq. 

1.2. Dual action notation. We will find it useful to introduce the sesquilinear forms 
<•, •>¥ and (■, ■)d, as given by 

(f,gh:= f /(z)y(z)ds(z), <f,g)D-.= f f(z)g(z)dA(z), 

Jt Jd 

where, in the first case, fg e L^(T) is required, and in the second, we need that 
fg e Li(D). 

1.3. The Bergman projection of bounded functions and the main result. For a 

function / e L^(D), its Bergman projection is the function P/, as defined by 

The function P/ is then holomorphic in the disk D. We shall be concerned with 
the boundary behavior of holomorphic functions of the type Pp, where p e L°°(D), 
in which case Pp is in the Bloch space (see Subsection l2.lt . More precisely, we shall 
obtain the following result. 


Theorem 1.3.1. Suppose g = Pp, where p e L°°(D), and ||pIIl“(d) ^ 1- 
{a)IfO<a<l,we then have the estimate 

f exp|fl^^J^^^|ds(Q < C(fl), 0<r<l, 

-'t I log Yrp J 


where C(a) = 10(1 - a) 

(b) t/1 < a < + 00 , there exists a po e L°°(D) with 

AgoirQ? 


lim f 

'■^1 Jt 


exp 




L“(D) = 1 such that with go := Ppo, 


ds(C) = +00- 


The proof is supplied in two installments: part (a) in Corollary 17.3.51 and part (b) 
in Corollary 14.1.41 

In the terminology of Section on two notions of asymptotic variance (in the 
context of probabilistic modelling), the main aspects of this result may be formulated 
as follows: The (uniform) asymptotic tail variance of the unit ball in PL°°(D) equals 1. 

Remark 1.3.2. (a) At this moment, it is not clear what happens at the critical parameter 
value a = 1. 

2 

(b) For small values ot a, 0 < a < ^ = 0.1542..., the same bound with a different 
constant C{a) can be obtained from an estimate found by Nikolai Makarov Il37l (for 
details, see Pommerenke's book Il46l , Chapter 8, as well as Subsection |3T] below). 
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Later, Banuelos ||6l found an independent localized approach involving square func¬ 
tions which for Bloch functions gave more or less the same growth estimate as the 
one originally found by Makarov. 


1.4. Comparison with the Dirichlet integral theorem. In |[T3|, Alice Chang and 
Donald Marshall improve upon a classical theorem of Arne Beurling from the 1930s 
(see fTOl l. Their result is that for a positive real parameter a, there exists a uniform finite 
integral bound 

^expjfl|/(C)P}ds(C)<C(fl) 


if and only if 0 < a < 1, where / ranges over all holomorphic functions / : D ^ C 
with /(O) = 0 and 



f dA < 1. 


The finiteness for 0 < a < 1 was covered by Beurling's work. At the superficial 
level, this is very much reminiscent of Theorem 11.3.11 above. However, we can 
neither derive Beurling's theorem from Theorem 11.3.11 nor can we derive Theorem 
ll.3.1l from the theorem of Chang and Marshall. To understand this, we consider the 
relation 


(1.4.1) 


m 


f^CgjrQ 


We observe the following: 

(i) = Pp where |IpIIl“(d) = 1/ then the function / extends holomorphically to a 
disk of radius 1 /r and hence has no chance of being an arbitrary element of the unit 
ball of the Dirichlet space. 

(ii) Assuming only that g = Pp where |IpIIl”(d) = 1/ we cannot control the Dirichlet 
norm of / uniformly as r approaches 1. Indeed, the Dirichlet integral of / is 


(1.4.2) 



and since the construction of holomorphic functions with given growth is quite 
precise in 1481 (see also, e.g., 1251 ), and the error term supplied by Proposition 14.3.11 
is small in terms of its boundary contribution, we may find such a function gi = Ppi 
with ||pi||l“(d) ^ 1/ whose derivative grows so quickly that 



dA > cq 


l-r2' 


for some absolute constant eo > 0- With this choice g := gi, the growth of the 
expression (11.4.21 is then at least as quick as 




(l-r2)log^' 


which definitely tends to infinity as r —> 1 . 
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1.5. Applications to exponential integrability. It might be more appropriate to com¬ 
pare Theorem 11.3.1 1 with the John-Nirenberg theorem on exponential integrability of 
BMO functions. We should also have in mind the Helson-Szego theorem Il28l , which 
gives sharp exponential integrability for fhe Szego projecfion of a bounded funcfion 
(see also Garnett's book llTlI , and e.g. Wolff's paper |[52l ). 

We firsf begin from fhe wrong end. Nofe fhaf by fhe poinfwise bound of Lemma 
12.2.21 we know fhat if ^ = Pp wifh ||pIIl“(d) ^ 1/ fhen 

Ag{rQ\^ 


logli? 


< r|^(rC)|, 


so fhaf 


(1.5.1) 


/ 


exp 


logli? 


ds(Q < J" exp {aAg{rQ\}ds{Q, 


and fhe uniform boundedness (over 0 < r < 1) of fhe righf-hand side for small 
positive values of a would be very reminiscenf of fhe John-Nirenberg fheorem 1311 , 
excepf fhaf we would need fhe dilafes gr fo be in BMO(T) uniformly, which is nof 
frue for a general funcfion g = Pji (indeed, if is easy fo cook up a p such fhaf fhe 
righf-hand side in 11.5.111 fends fo infinify as we lef r —» 1“, for any fixed posifive 
a). This of course fifs with the inequality in 11.5.111 , which goes the wrong way if we 
wanf fo derive consequences of Theorem 1 1,3, II To obfain an esfimafe fhaf works, we 
insfead follow Marshall 1421 who obfained fhe inequalify (see 13,4,211 ') 

Ag{r 


(1,5.2) r |e‘'''^(''‘^^|ds(Q < f 

Jt Jt 


exp 


logi^ 


ds(Q, 


fee. 


For |f| > 2a, a better esfimafe can be obfained from a combination of 11.5.21) wifh fhe 
poinfwise bound of Lemma r2.2.2l below (see Proposifion l3.5.l] below): 

(1.5.3) f U’''^(''0|ds(C)<(l-r2)“-W f Ids(C), |f| > 2fl. 

Jt Jt I logj^ J 

If is well-known fhaf g = Pp is fhe resfriefion fo he disk D of a funcfion in two- 
dimensional BMO. In fwo dimensions, fhe John-Nirenberg fheorem would say fhaf 
exp(A^) is locally in area-L^, if |A| is small. In particular, exp(A^) is infegrable on fhe 
disk D, and an argumenf involving subharmonicify and averages over disks gives 
thaf 

(1.5.4) r |e'^^(’'0|ds(C) = 0((l-r2)-i), 

Jt 

again for small |A|. Compared wifh 11.5.41) , fhe esfimafes 11,5,21) and 11.5,31 are much 
more precise, 

1,6, The type spectrum of a Bloch function. We need the concept of fhe exponential 
type spectrum of fhe funcfion e^, where ^ : D —> C is holomorphic. 


as r ■ 


r 


Definition 1.6.1. For a holomorphic function ^ : D 
function given by 


C, let 6? : C —> [0, -too] be the 


jS^(f) := limsup 


log |e^^(^0|ds(C) 


u- log 

We call the function f^g(t) the exponential type spectrum of fhe (zero-free) funcfion e^. 
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We may now derive an estimate from above of fhe exponential t 5 Tpe specfrum 
where y = Pp and p e L°°(D), from fhe esfimafes (11.5.211 and (11.5.31 , fogefher 
wifh Theorem 1 1.3. II 


Corollary 1.6.2. Suppose g - Pp, where p e L°°(D), with ||pIIl“(d) ^ 1- Then 






|f| < 2, 

|f| > 2. 


The proof of Corollarv ll.6.2l is supplied in Subsecfion l3.5l 

1.7. Control of moments. Makarov originally formulated his result in terms of mo- 
menfs; Theorem ll.3.1l implies a bound on fhe momenfs as well. 

Corollary 1.7.1. Suppose that g = Pp, where p e L°°(D). For 0 < q < +oo, we then have 
the estimate 

X I a ', 9 / 2 / 1 1 ', 9/2 

lg(rC)rds(C)<10(3 + ,)“|l|'li;.4i) 


The proof of Corollary 11.7.11 is supplied in Subsection 17.41 We should remark 
fhaf in Il30l , Ivrii and Kayumov show how fo confrol low order momenfs (i.e., for 
0 < q < (log for small positive 5) in ferms of fhe uniform asymptotic variance 
of fhe unif ball of PL°°(D), which is smaller fhan 1, by 1221 . If would be nafural fo 
combine fhe two esfimafes, using, e.g., fhe logarifhmic convexity of fhe momenfs 
wifh respecf fo q. 


1.8. Application to the universal quasiconformal extension spectrum. The ex¬ 
ponential t 5 rpe spectrum may be defined analogously for a holomorphic funcfion 
^ : De —> C as well: 


( 1 . 8 . 1 ) 


f}g{t) := limsup 

R^l+ 


log |e^g(«0|ds(C) 


We recall fhe class E of conformal mappings i/i : —> Coo, wifh asymptotics i/i(z) = 
z + 0(1) as z —> oo. For a paramefer k wifh 0 < A: < 1, we denote by fhe collecfion 
of all 4 e E fhaf have a A-quasiconformal extension {jj: Coo —> Coo, by which we mean 
fhaf 4 is a homeomorphism of Sobolev class W^'^ wifh dilafafion esfimafe 


|dz4(z)| < A|dzi/)(z)|, z e C. 


The universal specfra B(A:, t) for 0 < A: < 1 and f e C are defined fo be 
B(l,f) supj3iog^'(f), B(A,f) sup |3iog^'(f). 

pen® 

As a consequence of Theorem ll.3.11 we obfain an esfimafe of fhe universal specfrum 
B(A, t), which should be compared wifh fhe conjecfure by Prause and Smirnov l47ll 
fhaf B{k,t) = jk^f' for real t wifh |f| < 2/A. Indeed, for small A, fhe esfimafe comes 
very close fo fhe conjecfured value. 
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Theorem 1.8.1. We have the following estimate: 

B(fc, t)<^ k^\t\^{l + 7kf, 0<k<l, teC. 


The proof of fhis fheorem is supplied in Subsecfion l8.5l In comparison, fhe esfimafe 
of Prause and Smirnov 1471 applies only fo real t > 4, where := 2/(1 + Vl - k^). 

Remark 1.8.2. An argumenf based on fhe poinfwise esfimafe 18.5.71 combined wifh 
Theorem ll.8.1l and Holder's inequalify like in fhe proof of Corollarv ll.6.21 shows fhaf 
fhe esfimafe of Theorem ll.8.1l can be improved for big values of \t\, for f e C: 

, 1 . 8 . 2 , 

We may of course also combine fhis (Theorem 11.8.11 and 11.8.21 1 wifh fhe esfimate 
of Prause and Smirnov m, using fhe convexify of fhe mapping C 3 f i—> B{k,t) 
(convexity resulfs from Holder's inequalify). The resulf is a sharper esfimafe for 
complex t near fhe real inferval [4, +oo[, where 4 = 2/(1 + Vl - k^)- 

1.9. Application to the Minkowski dimension of quasicircles. If in fhe seffing of 
fhe preceding subsecfion, we have a conformal mapping f e for some 0 < k < 1, 
which means fhaf ip has a k-quasiconformal exfension fhaf maps C —> C, if is of 
inferesf fo analyze fhe fracfal dimension of fhe boundary T,^ := i/^(T) in ferms of k. 
The fracfal dimension of a curve P can be measured by (i) fhe upper Minkowski 
(or box-counfing) dimension dim)J^(r), (ii) fhe lower Minkowski (or box-counfing) 
dimension dim)(^(r), and (iii) fhe Hausdorff dimension dimH(r). If is well-known 
thaf fhese dimensions are related: 


dimH(r) < dim^(r) < dim)^(r). 


where each inequality may be strict. Let us go to the level of universal dimension 
bounds: 

^M,isW ■= sup dim)(;j(r^), DH,is(k) sup dimH(r^); 

ip€L<>=> 

clearly, we have DH,is(k) < Here, "Is" sfands for one-sided, because ip is 

conformal inside fhe exferior disk and k-quasiconformal off if. A symmefrizafion 
procedure which goes back fo Reiner Kiihnau Il34ll (used by Sfanislav Smirnov in ISOl l 
permifs us fo remove fhe one-sidedness, and fo idenfify fhe curves P^ where ip e 
as k'-quasicircles (a k'-quasicircle is fhe image of a circle under a k'-quasiconformal 
map) where 


(1.9.1) 


k^ 


2k' 

1 -E {k'Y ■ 


This allows us fo say fhaf 


(1-9.2) D)^i,(/c) = DUn Duasik) = Dn{k'), 


where fhe righf-hand expressions are fhe opfimal universal dimension bounds wifh- 
ouf one-sidedness. A resulf of Kari Asfala ||3l says fhaf fhese dimension bounds are 
all fhe same: 


= Dmsik) = Duik'). 


Corollary 1.9.1. We have that Dnik') = Dp^{k') < 1 -i- {k')^ -f 0((k')^) ask 0"^. 
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This is weaker than Smirnov's ISOl bound on the Hausdorff dimension: Dnik') < 
1 + {k')^. For completeness, the proof is supplied in Subsection l9.ll At the moment of 
wrifing fhis nofe, if has been announced by Oleg Ivrii fhaf for small k and moderafe 
\t\, fhe esfimafe of Theorem 11.8.11 can be sfrengfhened, and fhaf as a consequence, 
Dnik') < 1 + (1 - eo){k')^ for small k', where cq is a small positive consfanf. The 
consfanf cq appears from fhe esfimation of fhe asympfofic variance of fhe unit ball of 
PL“(D) in fT2\ . 

1.10. Acknowledgements. First, I would like to thank Donald Marshall for sharing 
his ideas wifh me on fhe fopic surrounding Brennan's conjecfure. Then I would like 
fo also fhank Kari Asfala, Anfon Baranov, Oleg Ivrii, Anffi Perala, Isfvan Prause, Eero 
Saksman, and Serguei Shimorin for several valuable conversations on fopics relafed 
wifh fhe presenf paper. 


2. The Bloch space and duality 


2.1. The Bloch space and the Bloch seminorm. The Bloch space, which is named 
after Andre Bloch m, consists of fhe holomorphic functions y : D —> C subjecf fo 
the seminorm boundedness condition 


(2.1.1) ll^lls(D) := sup(l - \z\^)\g'{z)\ < + 00 . 

Z€D 


If, for C e E), denofes fhe involufive Mobius automorphism of D given by 


(pdz) ■■= 


C-z 

1-Cz' 


fhen 


IIS" ° (pcWsilO) ~ IIS'lls(D)/ C e D, 
which is easily obfained from fhe equalify 


1 - l<))c(z)P 

\(p'c(z)\ 


1 - |z|". 


Togefher with the rotations, these Mobius involutions cpc^ generate the full aufo- 
morphism group, which makes fhe Bloch seminorm invarianf under all Mobius 
automorphisms of D. The subspace 


So(D) := [g e S(D) : liin (1 - |z|2)|^'(z)| = ol 


is called the little Bloch space. We shall be concerned here with the extremal growth 
properties of Bloch functions, where funcfions in fhe little Bloch space are seen fo 
grow too slowly. In other words, the properties will take place in the quotient space 
S(D)/So(E)). An immediate observation we can make at this point is the following. 


Lemma 2.1.1. Ifg& S(D) with ^(0) = 0, then g enjoys the growth estimate 


, , .. r'"' df 1 „ „ , 1 + |z| 

IS’Cz)! ^ IIS'lls(D) i-f. “ 2 l-\z\ ' 


z e D. 
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Proof. This is immediate from the integral formula 

^(z) = ^(z)-^(0)= r g'iQdC 

Jo 

where the path is chosen to be the line segment cormecting 0 with z. □ 

2.2. The Bloch space as the dual of the integrable quadratic differentials. To a 

holomorphic quadratic differential /(z)dz^ on the unit disk D we supply the norm 


ll/IUhD)- r l/(z)|dA(z), 

Jd 


and identify the holomorphic quadratic differentials with finite norm with the Bergman 
space (cf. 1511 , p. 85). Here, slightly more generally, for 0 < p < +oo, we write 

^^(ID) for the Bergman space of all holomorphic functions / : D ^ C subject to the 
condition 


ll/IU(D) -(^flfizWdAizf 


< + 00 . 


Holomorphic quadratic differentials appear naturally in the context of Teichmiiller 
theory. If (^ : D ^ D is a Mobius automorphism, while / e A^(D) and p e L°°(D) are 
given, then 

(2.2.1) (f,p}iD= f fpdA= f {fo(p){po(p)\(p'\^dA^(fy,p^)TD, 

Jd Jd 


where 

( 2 . 2 . 2 ) 


U ■■= {(p'ff ° (p, 


(P' 


so that while / transforms as a quadratic differential, on the dual side p transforms 
as a dz/dz-form. That is, p reverses the complex structure. In fact, it acts to send a 
(0, l)-differential to a (1,0)-differential: 

h{z)dz i-» p{z)h{z)dz. 

For this reason, it will not come as a great surprise to us that such dual elements 
p e L°°(D) are related with Beltrami equations and quasiconformal theory. Not all 
p e L°°(E)) give rise to nontrivial linear functionals on the space A ^(D). The nontrivial 
part of p e L°°(D) may be represented by its Bergman projection Pp, given by (11.3.11 . 
On the other hand, trivial such p e L°°(E)) appear in the context of quasiconformal 
deformation in, e.g., |j2j. Lemma 1. It is well-known that P acts boundedly on LP(]D) 
for each p with 1 < p < -t-oo, and that P maps L°°(D) onto the Bloch space S(D) (this 
result is from Coifman, Rochberg, and Weiss IITSl ; see also, e.g., the book 1241 1. This 
suggests that we should equip the space S(D) = PL°°(D) with the alternative norm 


(2.2.3) 


ll^ll 


PL“(D) 


:= inf {||p||l~(d) : p e L°°(D) and y = Pp}. 


When we do so, we write PL°°(D) for the Bloch space. As such, PL°°(D) is isomet- 
rically isomorphic with the dual space of A^(]D), with respect to the dual pairing 
(■/ 'Id/ which needs to be understood in a generalized sense. The reason is that for 
g e PL°°(D) and / e A^(D), it might happen that fg ^ L^(D), which would leave 
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the dual action undefined. To remedy this defect, we consider the dilates 

fr{z) ■- f{rz) for 0 < r < 1, so fhaf if y = P/r where fi e L°°(D), we may define 

{f,g)v ■■= lim(/,.,y)D, 

because fhen 

(2.2.4) (/,^>D = </,Pfi)D = </,f')D, 

as we see from fhe following calculafion, which also jusfifies fhe exisfence of fhe limif: 

</,^)d := lim(/,.,^)D = lim{fr,P^)E> = lim{Pfr,^}n = lim(/„|Li)D = </,fi>D- 

r— r—*l r—»1 r—*l 

Here, we use fhaf fhe Bergman projecfion P is self-adjoinf on L^(]D) and preserves 
A^(D), and fhaf we have fhe norm convergence /^ —> / as r —> 1“ in fhe space 
A^(D). In conclusion, we have identified the dual space ofA^(D) with the space PL°°(D), 
isometrically and isomorphically, where the dual action is given by the sesquilinear form 
(■/ •)d- 

Recenfly, Anffi Perala 1441 obfained fhe following esfimafe. 

Lemma 2.2.1. (Perala) We have the inequality 

l|Pfi||s(D) < —II/t||l“(d), P e L°°(D), 
where the constant S/n is best possible. 

In fhe ofher direcfion, a less precise argumenf (see, e.g.. Proposition l4.3.l1 belowl 
shows fhaf a function^ e S(D)wifh||y||s(]D) < 1 canbewriffeninfheform^ = Pv^+G, 
where Vg e L°°(D) and G e H“’(]D), wifh fhe (semi)norm bounds ||v^||l“(d) ^ 1 and 
I|G||h“(d) ^ ls^(0)l + 6. As fhe sharpness of Perala's esfimafe also comes from boundary 
effecfs, if would appear fhaf modulo bounded ferms, fhe unif ball of SfSD) can be 
mapped info fhe unif ball of PL°°(D), whereas fhe unif ball of PL°°(D) is mapped info 
I times fhe unif ball of S(D). 

As for poinfwise bounds, fhe analogue of Lemma|ZTd]for PL°°(D) runs as follows. 
Lemma 2.2.2. Suppose that p e L°°(D). Then 

\Pp{z)\ < IIpIIl~(d) ^ log 


Proof. This follows from fhe esfimafe 
\p{w)\ 


\Pp{z)\< f 

Jd 


dA{w) < |IpIIl“(d) 






z e D, 


jo |1 - zipp 

by evaluafion of fhe righf-hand side infegral. □ 

Remark 2.2.3. Bofh esfimafes of Lemmafa l2.1.1l and l2.2.2l are optimal. Moreover, since 


r^l 


- 1 




fhe permiffed boundary growfh is abouf fwice as big for an element of fhe unif ball 
of PL°°(D) as for fhe unif ball of S(D). 
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3. Two NOTIONS OF ASYMPTOTIC VARIANCE AND MaRSHALl's ESTIMATE 


3.1. Gaussian modelling and notions of asymptotic variance. The standard normal 
rotationally invariant complex Gaussian distribution Nc(0, 1) has the probability 
measure e“'^'^(M(z) in the plane C. More generally, we write X ~ Nc{m, o^) with 
mean m e C and rotationally invariant standard deviation cr > 0 if 


X - m 
cr 


Nc(0,l). 


If X ~ Nc(0, 0 ^), we may recover the variance var X = from the formula 


(3.1.1) 


varX ]E|X|^ 


where E stands for the expectation operation. But we may also recover the variance 
from the tail distribution behavior as follows: - tvarX, where tvarX is the tail 

variance 


(3.1.2) tvarX = = inf |t e 1R+ : Ee'^'^^"^ < +oo|. 


Indeed, we see by direct inspection that 

(3.1.3) Ee'^l'^" = ct- 2 r el"l'/"e-l"l'/‘^'dA(z) = —^, 

Jc T - 


0^ < T < +00, 


which explodes as t a^. We might remark at this juncture that tail aspects of 
Gaussian densities are critical for the uncertainty principles for Fourier transform 
pairs considered by Hardy and Beurling (see Il20l , Il29l , 121]). 

Makarov (see Il37l , Il39] , Il40] ') had the remarkable insight to model the boundary 
behavior of Bloch functions by Gaussian processes (for a more directly probabilistic 
perspective, see Lyons' paper 136] ). For a typical Bloch function g e S(D) with 
^(0) = 0 and given an r with 0 < r < 1, he thought of the dilates gr{Q = gi^Q), for 
C e T, as an approximately rotationally invariant Gaussian stochastic variable, which 
in its turn evolves stochastically in time, where we think of time as related to the 
dilation parameter r via 


t = log 


1 

1 _ j-2' 


dt - 


2rdr 

1 _ j-2 


So, taking this into account, we normalize the dilate, and let Xr - X,.[^] be the function 

Xr(0 ■■= CeT, 0 < r < 1, 

and since 

EX, = r X,(Qds(Q = —= 0, 
we may calculate the variance from the formula 


varX,[g] = E|X,p = 


/^|g(rQpds(C) 


The tail variance has no direct analogue, as the function gr is bounded for fixed r (see 
Lemma (12. Till ). However, in view of the uniform control observed in 13.1.31 , we can 
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make sense of it asymptotically as r —> 1 . Following Makarov and Curtis McMullen 
1431 , we say that the Bloch function g has the asymptotic variance 


(3.1.4) 


avarg := limsup EIX^P = limsup 

r—>1“ r—>1“ 


/^|g(rQpds(Q 


and the asymptotic tail variance 


(3.1.5) 


atvary := inf |t e R+ 


lim sup E < +oo|, 

r^l- 


where the indicated expectation is given by 


(3.1.6) 





\g{rQ\^ 



These asymptotic formulae apply also in the case when y(0) 0. 

It is of interest to extend these notions of asymptotic variances to the setting of 
subsets ^ c S(D). To this end, we let the asymptotic (tail) variances of ^ be the 
supremum of the individual asymptotic (tail) variances: 


(3.1.7) 


avar^ := sup avary, atvar^ = sup atvary. 


but we also need uniform versions. We let the uniform asymptotic variance of Q be the 
limit 

, r|y(rQ|2ds(C) 

(3.1.8) avarj,^ = limsup sup E|Xr[y]| = limsup sup- - -, 

g^S '•^1“ g^Q log yip 

and, analogously, the uniform asymptotic tail variance of ^ is defined to be 

(3.1.9) atvarj,^ inf It e R+ : limsupsup f exp[ )ds(Q < +ool. 

I geff Jt (Tlog^rp/ J 

The way things are set up, we automatically have the inequalities 


avar ^ < avar„ atvar ^ < atvar„ 


but we should expect that quite often, as a result of compactness, the above inequal¬ 
ities are equalities. Note that for F e H“’(D), we have that 

avar„ < ||F||^„(pjavar„ atvar„ F^ < ||F||^„(j 3 )atvar„ 

where the uniformity may be removed (by considering the functions individually). 


3.2. Metric properties of the notions of asymptotic variance. Let us consider the 
expressions, for g e S(D), 

(3.2.1) ll^llav := (avary)i^^ ||y||atv (atvar 

Proposition 3.2.1. The functionals || • ||av and || • ||atv given by (13. 2. It are seminorms on 
S(D). 

Remark 3.2.2. In particular, for two functions gi,g 2 ^ S(E)), we have the following: 
(i) if avar(yi - ^ 2 ) = 0, then avar^i = avar ^ 2 / and (ii) if atvar(yi - ^ 2 ) = 0, then 
atvar ^1 = atvar^ 2 - Examples of functions g e S(D) with avar^ = atvar ^ = 0 
include elements of H°°(D) as well as elements of the little Bloch space So(E)). 








12 


HAAKAN HEDENMALM 


Proof of Proposition \3.2.1\ The homogeneity property of the norm follows from the 
corresponding property of fhe fwo asympfofic variances, which are easily verified 
by inspection: 

avar = |A|^avar^, afvar A^ = |Apatvar^, 
for g e S(D). To obfain fhe remaining properfy (subaddifivify), fhaf is, 

(3.2.2) 11^ + llllav < ll^llav + PIlav, 11^ + fillatv < ll^llatv + Pllatv, 


we begin wifh an elemenfary esfimafe. For complex numbers r; e C, and a positive 
real a, we have fhe esfimafe 


(3.2.3) 15 + 7]|2 < (1 + a)|^|2 + (l + 1 

\ a 

If follows from (I3.2.3t fhaf 


(3.2.4) 


\{g + h){rQ\^ 
log 1^3 


<(!+«) 


\g{rQ\ 


logTT 




\h(rQ)\^ 

logli?' 


If 01,02 are posifive reals such fhaf avar^ < o^ and avarh < o^, we infegrafe wifh 
respecf fo ds(C) along T in (I3.2.4t , and fake fhe limsup as r —> 1“. The resulf is fhaf 


avar(y + fi) < (1 + a)o^ + 



= (oi + 02 )^, 


where in fhe lasf sfep, we made fhe opfimal choice a - 02 / 01 - By minimizing over 
Oi, 02, fhe firsf subaddifivify in (I3.2.2t follows. 

Next, we let 03 , 04 be positive reals with atvar g < o^ and atvar h < o^, and observe 
that by (I3.2.4t , 


exp 


\{g + h){rQ\^ ] ^ 

(03 + 04)2l0gi^J 


(1 + a)|g(?-Qp 

(03 + 04)2 log 


(l + l)|/i(rQp I 

(03 + 04)2 log y 


so that by Holder's inequality. 


f 


exp 


l(g + h)(rQI 

(O3 + 04)2 log jz 




exp 


X 


/ 


(1 + a)p\g{rQf- 
(03 + 04)2 log 

exp 


ds(Q 


d/p 


(03 + 04)2 log Yzpr ' 


where p,p' are dual exponents. The choice a = O 4 / 03 , p = 1 + a, and p' = 1 + ^ gives 

1 (1 + i)p' 1 

'3 


(1 + a)p 

(03 + 04)2 o 2 ' (03 + 04)2 cr 2 ' 


and allows us to conclude that 

atvar(y + h) < (03 + 04 )^. 

By minimizing over 03 , 04 , the second subadditivity in i3.2.2\ follows as well. The 
proof is complefe. □ 


Remark 3.2.3. Lef Afav := {y e S(D) : avary = 0} and Afatv (S' ^ fB{I2>) : afvary = 0) 
be fhe respecfive null subspaces for fhe seminorms (13. 2. It . If would be nafural fo 
consider fhe Banach spaces which resulf from forming fhe completions of fhe quofienf 
spaces S(D)/Afav and S(D)/A4tv wifh respecf fo fhe corresponding norms. 
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3.3. Makarov's growth estimate of a Bloch function. The following result is im¬ 
mediate from the work of Makarov (see m, and ||46] , Theorem 8.9 and Exercise 
8.5.2); more or less the same argument can also be found in the work of Clunie and 
MacGregor IfMl . but it is applied with less precision. It should be mentioned also 
that at about the same time, Boris Korenblum 1331 found a cruder growth estimate 
than Makarov by studying dilatation as a map from the Bloch space to BMOA. In a 
sense, the present work may be viewed as a refinement of Korenblum's approach. 


Theorem 3.3.1. (Makarov) Ifg& S(D) with ^(0) = 0, then, for 0 < r < 1, ice have that 


/^|g(rQpds(Q 


< 11^112 


IS(D) 


f 


exp 


lg(?'C)P 

log 1^5 


ds(C) < 




provided that < x < +oo. In particular, it follows that 


avar 


^^ll^lls(D) atvary < 


Let 01 and 02 denote the two unit balls 

02 = hallo S(D) := [g e S(D) : ||yb(D) < 1, ^(0) = o}; 

and 

02 = ballPL“(D) - = Pp : ||p||i,»(D) < l}. 

In view of Proposition 13.2.11 as well as Proposition l4.3.1l below, we see that for all 
essential purposes, 02 is bigger than 0i. Our main result, Theorem ll.3.11 establishes 
that atvar„ 02 = atvar 02 = ^- An inspiration for the present work is the paper jH by 
Astala, Ivrii, Per ala, and Prause, where it was shown that avar ^2 ^ 1; later, it was 
discovered that avarj, ^2 < 1 (see l22ll l. In particular, the asymptotic variance and 
the asymptotic tail variance do not always coincide. This may have some relation 
with dimension properties of quasicircles, see e.g. l35l . In comparison, Makarov's 
Theorem 13.3.11 obtains that avar„ 0i < 1 and atvar„ 0i < 1, which together with 
Persia's Lemma [2.2.11 only leads to the following rather weak estimates: avaru ^2 ^ 
64/71^ and atvar„ 02 < (tAlrf = 6.484_ 


3.4. Marshall's estimate of the exponential type spectrum. The following is the key 
observation of Marshall 1 


Proposition 3.4.1. (Marshall) If g ^ S(D) has atvar g < a^, where a is a positive real 
number, then 


f |e'^<’'^)|ds(C) = 0((1 - 


as r —> 1 , 


Proof. Marshall 11421 expands the following modulus-squared, for a complex param¬ 
eter t eC: 


where the implied constant is uniform in t eC. 


(3.4.1) 0< 


g{TQ 




? A/log 


1 


1 _ j-2 


\g{rQ\^ 


a^\t\^ 


log- 




- Re{tg{rQ). 
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It is immediate from (13.4.11 that 
Re{tg{rQ) < 


\girQ\^ 


2u|2 


o^\t\ 


log- 


a^log^ ' 4 

and as we exponentiate both sides, and then integrate over the circle T, we arrive at 

(3.4.2) f |e'^(^e)|ds(g < (1 _ r expj |ds(Q, 

Jt Jt ICT^ log J 

from which fhe assertion of fhe proposifion is immediafe. □ 

This has fhe following consequence for fhe exponential t 5 rpe specfrum jSj(f) of fhe 
function e^, where g e S(D). 

Corollary 3.4.2. (Marshall) For g e S(D) and 0 < a < -too, we have the implication 

a^lfp 


afvar g<o 


Vf e C : figit) < 


3.5. The estimate from above of the exponential type spectrum associated with a 
function in the unit ball of PL°°(D). For a function g = Pp, where p e L°°(D), we 
need fo esfimafe from above fhe exponential t 5 rpe specfrum. The key esfimafe is fhe 
following. To simplify fhe nofafion, we agree fo wrife 

(3.5.1) 4(«,f):= r exp|fl^^J^^^|ds(C), 0 < r < 1. 

Jt I logj^ J 


Proposition 3.5.1. Let g := Pp, where p e L°°(D) with ||pIIl“(d) ^ 1- is the 

integral in (13. 5. It . we have the estimate 


/i 


■'^(’' 0 |ds(C) < 


f4(fl,r)(l-r2)-lfl"M«)^ 
\Ig{a,r){l - 


\t\ < 2a, 
\t\ > 2a. 


Proof. In view of (13.4.2t and (13. 5. It , we have for positive a fhaf 

(3.5.2) r |e'’'^^(''‘^Vs(C) < Igia,r) (1 - 0 < r < 1, fi e C. 

Jt 

while, by fhe poinfwise esfimafe of Lemma [2.2.2l 

(3.5.3) < (1 - r2)-l‘2l, 0 < r < 1, f 2 e C. 

For f = fi + f 2 £ C, if follows from a combinafion of (I3.5.2t and (I3.5.3t fhaf 

(3.5.4) 

f |e"^^(''0|ds(Q = r |e'i'''^('' 0 e^^'^^<'' 0 |ds(Q < 4 (fl,r)(l-r 2 )d'^Hhlh(^^^ 0 < r < 1, 

Jt Jt 

where we are free fo opfimize over all decompositions t - ti +12. For |f| < 2a, fhe besf 
decomposition is f = fj + 0, fhaf is, ti = t and t 2 = 0, while for |f| > 2a, fhe besf choice 
is fi = dt and f 2 = (1 ^ S)t, where 6 := 2fl/|f|. Affer insertion info (13.5.4t , we arrive af 
fhe claimed esfimafe. □ 

We may now supply fhe proof of Corollary 11.6.21 as an application of our main 
fheorem. Theorem 1 1.3. II 
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Proof of Corollarv [l.6.2\ By Theorem ll.3.1[ we know that lg{a, r) < C(a) for all 0 < r < 1 
and 0 < fl < 1. It follows from Proposifion 13.5.1] fhaf for all 0 < a < 1, 


f 


le'P^raidsCC) < 




|f| < 2a, 
|f| > 2a. 


The facfor in fhe exponenf fends fo 1 as r —> 1“, and nofhing changes drastically if 
if gefs replaced by 1. Finally, by letting a approach 1, we obfain fhe claimed esfimafe 
of fhe exponenfial f 5 ^e specfrum □ 


4. Elementary properties of Bloch functions 

4.1. The Bergman projection of an auxiliary bounded function. For the proof of 
parf (b) of Theorem 11.3.11 we need fo supply fhe Bergman projecfion of a special 
function /io ^ L°°(D). 

Lemma 4.1.1. The Bergman projection of the function po ^ L°°(D) given by 

1 — z 

po(z) := z e D, 

equals 


The singularify af fhe origin is of course removable. 

Proof of Lemma |4XI] This can be shown by direcf compufafion of fhe Bergman infe- 
gral. □ 

Remark 4.1.2. Along fhe segmenf [0, l[c D, fhe funcfion Ppo grows pretty much 
maximally quickly, compared wifh Lemma [2.2.2l 

1 111 11 
Ppo(x) = ^ log — - - = ^ log + ^)) 

1,11 

- 2 ' 

We will apply fhe following general esfimafe fo fhe funcfion p = po of Lemma 

MU 


Proposition 4.1.3. If p ^ L°°(D) with ||pIIl“(d) 1/ then, for Q <a < +oo, we have 

(l_^ 2 )i/« r |e''^?Pf'W)Pds(Q < f exp la ’' lds(Q, 0 < r < 1. 

Jt Jt I logjJ^j J 


Proof. This is immediate from Marshall's inequalify (13.4.21 , wifh t := 2, a := 1/cr^, and 
g{z) := z^Vpiz). □ 


If is now easy fo obfain fhe sharpness parf (b) of Theorem ll.3.11 
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Corollary 4.1.4. If ^uq e L°°(D) is as in Lemma W.l.l\ and 0 <a < +oo, we have the estimate 
from below 

f exp la ^ Ls(Q > e“ 2 (l - 

-'T I log T-^ J 


Proof. By Lemma l4.1.1l 
so that 


,z2Pf,o(z) ^ 


r je^^P^MrQj^dsiO > e-^ f | 

Jt Jt 


|1 - rCrds(Q = e-"(l - r^) 


„ 2 \-l 


The assertion of the corollary now follows rafher immediafely from Proposifion 
l4T3l □ 

Remark 4.1.5. Theorem ll.3.ir b) now follows from fhe observafion fhaf 

lim e“^(l - r^)~^‘‘~PP = +oo, 1 < a < +oo. 
r^l- 

4.2. The derivative of a Bloch functions. We first supply an elementary estimate 
which applies to the derivative of a Bloch funcfion. 

Lemma 4.2.1. Suppose / : D ^ C is holomorphic, with (1 - |zp)|/(z)| < 1 on D. Then we 
also have that 


(1 - |z| 2 )ai(|z|) 


m-m 


< 1, 


where co{t) = \for 0 <t < j, and co(t) = f/(2 - t^)for j < t < 1. 

Proof The Cauchy infegral formula applied fo fhe dilafe ffQ = f{rQ gives fhaf 

/W-/( 0 ) = /.(z)-/.( 0 )= 


r(w)ds(a;) 


= r ^ - - l|/r(^f)ds(a;) = z r ^ . fr{w)ds{w). 

Jt ^ 1 ' Jt 1 ~ 210 

As a consequence, we obfain fhe esfimafe 

/(rz)-/( 0 ) 


rz 


< - r ^ .. \fr{w)\ds{w) < ^ f ^ _ ds(io) 

r Jt |1 - zio| r(l - r^) Jt |1 - zro| 


1 1 1 
r(l - r^) |z |2 1 - |z| 2 ' 


for z e D and 0 < r < 1 , which in ifs fum yields 


(1 - \rzf) 

We plug in r = 

(1 - Irzp) 


/(rz)-/( 0 ) 


rz 


1 - |rzp 
r(l - r 2 )|zp 


log j- 


1 


|z| 


2 ' 


/(rz)-/( 0 ) 


rz 




|zp 


l-|zp' 


r = 2 


- 1/2 


and check fhaf fhe righf-hand side expression is an increasing funcfion in fhe variable 
|z|. By resfricfing our atfenfion fo |z| < we find fhaf 

2-1 


(1 - ICIJ 


m-m 


c 


< 21 / 2 ; 


1/2 


■logY^<3, ICI< 2 - 









































BLOCH FUNCTIONS AND ASYMPTOTIC TAIL VARIANCE 


17 


It is of course elementary that the following estimate holds: 


(1 - m 


m-m 


c 


2 - ICP 
ICI 


0 <|C|< 1 . 


The assertion of the lemma follows from a combination of these two estimates. 


4.3. Decomposition of a Bloch function. It is well known that as sets, S(D) = 
PL°°(D). Here, we split a given Bloch function as an element of PL°°(D) with small 
norm plus a smooth remainder. 

Proposition 4.3.1. Suppose g e S(D). Then there exists avg e L°°(D) with ||v^||l»(d) ^ 
IIS'lls(D)/ such that g(z) = z^Pvg(z) + G(z), where G e H°°(D) has G' e S(D), with the 
(semi)norm control 

I|G||h“(d) < IS’CO)! + 6||y||s(D)/ I|G'||s(d) < 12||y||s(D)- 


Proof. We put 


Vg{z) := (1 - \z\^)a){\z\) 


g'iz) - g'(O) 


where co(t) is as in Lemma 14.2.11 and observe that by the assertion of that lemma, 
IIWlli“(D) ^ IIS'lls(D)/ as needed. If we write pg for the function 


Pg(z) := (1 - |zh) 
then a direct calculation shows that 

(l-N2 )(^»-y'(0)) 




(4.3.1) z^Pp,(z) 


Jd 


w{\ - zwy- 

+00 ^ 

'■ -. . 

^ do 


dA{w) 


(1 - \w\^)wi^-^-^-^-^dA{w) 


i=o 


w 




i=Q 


1 


where the g{i) denote the Taylor coefficients of g. The difference pg - Vg may be 
written in the form 

^ I |2^.1 .I “^'(0) 1-W(|Z|) ,, 

Pgiz) - vg(z) = (1 - |zr)(l - a)(|z|))- - - = Vg(z), 


oj{\z\) 


which immediately yields the estimate 


- Vg{z)\ 


1 - C0{\z\) 

a)(|z|) 


IKIIu 


jllL“(D) 


1 - co{\z\) 
co{\z\) 


IIS'lls(D)- 


A straightforward calculation tells us that 

1 - a;(|K;|) dA{w) 


I 

Jd 


j]D a)(|i(;|) ll-zipp 
and, that, as a consequence. 


<5, z e D, 


“ W)IIh“(d) < 5 ||^||s(d)- 
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Finally, we split y as y = Pv^ + G, where 

G(z) y(0) + y'(0)z + P(p^ - v^)(z). 


and the claimed estimate ||G||h“(d) < ls^(0)| + 6||y||s(D) follows. The estimate for the 
Bloch seminorm of G' is obtained in a similar marmer. □ 


5. Identities for dilates of harmonic functions 

5.1. An identity involving dilates of harmonic functions. The following identity 
interchanges dilations, and although elementary, it is quite important. 

Lemma 5.1.1. Suppose /,y : D —> C are two harmonic functions, which are are area- 
integrable: f,g ^ L^(D). Then we have that 

j f(rz)g(z)dA(z) = I f(z)g(rz)dA(z), 0 < r < 1. 

Jd Jd 


Proof. Both integrals are well-defined, since f,g ^ and the dilates ffz) = f{rz), 
gr(z) = g(rz), are bounded for 0 < r < 1. If we consider also the dilates fg,gg for 
0 < g <1, we may use Fourier methods to establish the identities 


(5.1.1) 

f{rgz)g{gz)dA{z) = ^ , fiMU), 

Jd ^ ^ 

and 


(5.1.2) 

f{gz)girgz)dA{z) = Y f^f{j)gij), 
Jd ^ fI + ^ 

so that 



I f{rQz)g{gz)dA{z)= j f(gz)g(rgz)dA(z). 
Je> Jd 


Here, we use /(;'), g(j) to denote the Fourier coefficients of the functions /, g, consid¬ 
ered as distributions on the circle T. The claimed identity now follows by letting 
g^ 1, since fg^f and ^ ^ in 1^(0), while frg fr and grg gr in L°°(D). □ 

5.2. An identity involving dilates which connects the inner products on the circle 
and the disk. The following identity is key to our analysis. 


Lemma 5.2.1. Suppose y,/i : D —> C are functions, where g is holomorphic and h is 
harmonic. If g & ^ fs the Poisson integral of a function in L^(T), then we have 

that 

{gr,zh)T: = {g,{dh)r)D, 

where we write frfor the dilate of the function f: ffQ = /(J'C)- 


Proof. As in the proof of Lemma [5.1.1l we let gd), h{f) denote the Fourier coefficients 
of the boundary distributions associated with g, h on T. By the Plancherel identity, 
then, we know that 


X +OO _ 

Qg{rQh{Qds{Q = J^g{j)h{j + l)ri. 
j=0 
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On the other hand, since 

+00 

{dh){Q = Y^{j + l)h{j + lK’, CeD, 

j=0 

it follows from (15.1.It by leffing p —> 1“ fhaf 


(g,idh)r}j, 


X +OO j _ +00 _ 

g{z){dh){rz)dA{z) = + ^)gii)Hi + 1) = 

’ j=0 > j=0 


The asserfion of fhe lemma follows. 


6. Dilational reverse isoperimetry: Hardy and Bergman 

6.1. The isoperimetric inequality of Carleman. The classical isoperimefric inequal- 
ify says fhaf fhe area enclosed by a closed loop of lengfh L is af mosf I (in). Torsfen 
Carleman (see 1121 , ISTI l found a nice analyfical approach fo fhis facf which gave fhe 
esfimafe 


(6.1.1) ||/IU^P(D) < ll/llff’(D), / e HP(D), 

for 0 < p < + 00 . Here, H^(D) is fhe p = 1 insfance of fhe classical Hardy space HP(D), 
for 0 < p < + 00 . For 0 < p < +oo, HP(D) consisfs all holomorphic functions / : D —> C 
subjecf fo fhe norm boundedness condition 

11/11^ := sup r |/(rQ|Pds(C) <+CXI. 

0<r<l Jt 

If is well-known fhaf for / e HP(D), fhe funcfion has well-defined nonfangenfial 
boundary values a.e., and fhaf fhe norm is affained for r = 1 : 

6.2. A similar reverse inequality for dilates. The Carleman estimate (16.1.11 has a 
reverse if we fake fhe Hardy norm of a dilafe fr{Q := /r(C) in place of fhe funcfion. 
Here, we will nof dwell on fhaf maffer, buf insfead look for a somewhaf similar 
reverse esfimafe. We consider a nonfrivial harmonic funcfion : D ^ C, and obfain 
from fhe Cauchy-Schwarz inequalify fhaf 


(6.2.1) ||(d/z),|UyD) = r \{dh){rQ\dA{Q = i f \dh{z)\dA{z) 
Jn ^ JE)(0,r) 






where 0 is a real paramefer, which we shall confine fo inferval 0 < 0 < 1. 


7. Duality and the estimate of the uniform asymptotic tail variance 


7.1. Green's formula. We recall Green's formula for fhe unif disk: 



V - vAu)dA 


i [ (udnV - vdnU)ds, 
^ Jt 
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where u, v are both assumed C^-smooth in the closed unit disk iD, and the normal de¬ 
rivative is in the exterior direction. The constant j is the result of our normalizations. 
If we choose v{z) := 1 - |zp, fhe formula simplifies fo 

(7.1.1) I udA + I (1 - \z'^)Au{z)dA{z) = j uds. 

Jd Jd Jt 

Next, we let /!: E) ^ C be C^-smooth and harmonic in D, let e denote a small positive 
constant, and consider the function 

u(z) := {\h{z)\'^ + ef, 

where it is assumed that | < s < 1. Then u is C^-smooth on E), and we may calculate 
its Laplacian: 

(7.1.2) Au = s|(|/!p -E e)*“M|fi|2 - (1 - s){\h\^ + ey-^\d\h\'^\^^ 

= s{\hy + ef-^i^Qhy + £){\dhy + Idh^) - (1 - s)\hdh + hdR^^. 

For complex numbers a,b £ C and a positive real number t e R+, we know by direct 
algebraic manipulation that 

\a + by = |flp(l + f) + \by{l + r^) - \at - bf-ip. 

As we apply this identity in the setting of (17.1.2t , wifh a := hdh and b ■.= hdh, we find 
thaf 


(7.1.3) Au = s{\hy + ef-^i^eildhy + \dhy) -t [1 - (1 - s)(l -e f)]\hdhy 

+ [!-(!- s)(l -E r^)]\hdhy + (1 - s)\thdh - r^hdhy^ 

We choose t so fhaf we may suppress fhe ferm wifh \hdhy, which happens for t 
If now follows from (17.1.3t fhaf 


(7.1.4) Au = s{\hy + e)®“^ £(\dhy + {dhy) + 


2s-1 


\hdhy + s 


1-s- 

- hdh - hdh 


> (2s - l){\hy -E ey-^\hdhy. 

As we inserf fhis inequalify info fhe idenfify (17.1.H . fhe resulf is fhaf 


(7.1.5) r {\hy + eydA + {2s - 1) f {1 - \zy){\h{z)y + £y-^\h{z)dh{z)ydA{z) 

Jd Jd 

< r udA -E r (1 - |z|^)Am(z) = r wds = r dhy + e)®ds. 
Jd Jd Jt Jt 

We recall the Hardy space h‘^{lD) of harmonic functions. Since we will only be 
interesfed in exponenfs in fhe range 1 < <^ < 2, fhese are jusf fhe Poisson exfensions 
of boundary funcfions in U{T): h‘^(D) = L‘?(T), isomefrically and isomorphically. 

Proposition 7.1.1. (1 < <^ < 2) Suppose /! : D —> C is the Poisson extension to the disk D 
of a boundary function in L'((T), also denoted by h. Then, unless h vanishes identically, it 
enjoys the estimate 

f lhm + (q-l) f (l-|z| 2 )^i^dA(z)< r Ihyds. 

Jd Jd \Hz)y Jt 
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Proof. We apply the estimate (I7.1.5t to the dilates hr{z) = h{rz), for 0 < r < 1, and use 
s = ql2. Then as r —♦ 1“ and e —> 0"^, 


r {\hr\^ + f 

Jt Jt 




and Patou's lemma tells gives us the necessary control of fhe leff-hand side. 


7.2. Hardy space methods and the weighted Bergman reverse Carleman isoperi- 
metric inequality. We now turn the estimate (16. 2. Ill into a tool for effecfive confrol 
of a function h in fhe harmonic Hardy space h‘^(]D) for 1 < q <2. Firsf, we implemenf 
(16.2.It wifh 6 = 2- q: 


(7.2.1) \\{dh)r\\AHn) 


' \ JD{0,r) ^ 


|zp 


dA(z) 


1/2 


/ 

Je) 


\dh{z)^ 

—a '' 


D(0,r) l^(z)P 


\z?)dA{z)\ 


vl /2 


for 0 < r < 1, where all we ask of : E) —> C is fhaf if is harmonic in D. Using polar 
coordinafes, we see fhaf 


(7.2.2) 


/ 

dD(0,r) 




ff 


\h,(Qr‘!ds(Q 


2gdg 


< sup I 

0<g<r 


h 11 ^ 
e"L 2 -l(T) 


Jo 1- 


2QdQ 


= sup I 

Cr 0<^)<r 


,,2-q 


log 


1 _ j-2 


We recognize on fhe righf-hand side fhe harmonic Hardy space h^~‘i{lD) quasinorm 
of fhe dilafe hr- From Holder's inequalify and fhe resfricfion 1 < < 2, we know fhaf 

PpIIl2-i(t) ^ PpIlLtiT)/ ^rid, in addition, fhe norms ||/jp|lLi(x) are known fo increase wifh 
fhe radius g. So, if follows from (17.2.21 fhaf 


(7.2.3) 


X 


D(0,r) 


1 - IzP 


dA(z) < I 111 


'■"l'(T) 


log 


1 

1 _ J-2 


Nexf, we assume h is fhe Poisson exfension fo fhe disk D of a function in L‘/(T), which 
we also denofe by h. Then, by Proposition 17.1.11 we know fhaf 

X‘' - ^ X - X 

and by inserfing fhe esfimafes (17.2.31 and (17.2.41 info (17.2.11 . we obfain fhaf 


(7.2.5) ll(<?/l),IU,,DI £ £ l'<l'ds - £ |/.|Ma))'" 

We will refer fo minus fhe differenfial enfropy as fhe differential anentropy, and 
as fhe area-L^ norm of fhe dilafafion of fhe gradienf gefs confrolled in ferms of fhis 
quanfify, we name fhe resulf accordingly. 


Theorem 7.2.1. (differenfial anenfropy bound) Suppose : D —> R is the Poisson 
extension to the disk of a function in Lf’(T),/or some p with 1 < p < 2. The boundary 
function is also denoted by h. Ifh > 0 on D, and ifh{0) = 1, then 


0 < r < 1. 
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Proof. The function 




t‘1 -1 


0 < t < + 00 , 1 < q <2, 


is strictly decreasing as a function of q, wifh limif 


F(f, 1) lim F(f, q) - t log t, 

< 1 ^ 1 + 

undersfood as F(0,1) = 0 for t = 0. Alfhough F(f, 1) affains negative values for 
0 < f < 1, if is easy fo see fhaf F(t,q) > F(t, 1) > -e“^. Since if is given fhaf h > 0, we 
know fhaf \h\ - h, and by fhe subharmonicify of fhe function h‘i, 




WdA > h{0)‘> = 1, 


so fhaf 


f IF^ds- r \WdA]<^( f h^ds-l)=^ f (h^-h)ds= f F(h,q)ds. 
q-^yj-w Jtd ! <?-1VJt / Jt Jt 

By fhe monofone convergence fheorem applied fo fhe positive functions F{h, q) + e“^, 
we see fhaf 

lim j F(h,q)ds= j F(h,l)ds- j filogFds 
Jt Jt Jt 

provided fhaf h e Lf’(T) for some p wifh 1 < p < 2, so fhaf fhe leff-hand side limif is 
tinife. By leffing —> 1^ in (17.2.5t , fhe claimed esfimafe follows. □ 


7.3. Applications of duality techniques to the dilates of Bloch functions. In view 
of Lemma 15.2.11 combined wifh fhe equalify (12.2.41 . we have, for p e L°°(D), g := 
Fp e S(]D), and a harmonic function h on D, which is fhe Poisson infegral of an L^(T) 
funcfion, also denofed by h, 

{zgr,h)T: = {g,{dh)r)]D = {Fp,{dh)r}]D = {p,{dh)r}D, 

for 0 < r < 1. If, in addition, F > 0 on D, h{0) = 1, and fhe boundary values are in 
L^(T), fhen Theorem l7.2.1l gives fhaf 


(7.3.1) \{zgr,h)T;\ - \{p,{dh)r)]D\ < ||p||L“(D)ll(Jlj)flUi(D) 


^ 0<r<l. 

Theorem 7.3.1. Suppose g = Fp, where p e L°°(D), and consider, for 0 < r < 1 and 
0 < q < + 00 , the set 


Cjpr,q) fc : i’ve(,(,y(,r 

Then |£(r, q)\s, the s-length of this set, enjoys the bound 

t ..4. 

|£(r, q)\s < exp 


4 ? 


Il“(D) 


logli? 


Proof. We lef h be fhe Poisson exfension of fhe boundary funcfion which equals 
l/|£(r, j])|s on £(r,i]) and vanishes off £(r, ?]). Then > 0 on D, and h{0) = 1, and fhe 
boundary funcfion is in L°°(T), so we are in a position fo apply (17.3.11 . As if fums 
ouf, fhe indicafed esfimafe is a direcf consequence of (17.3.11 . □ 
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Corollary 7.3.2. Suppose g = Pp, where p e L°°(D), and consider, for 0 < r < 1 and 
0 < rj < + 00 , the set 

&N{r,ri) {C e T : maxRe[aj*'C^(rC)] > p], 


where co := e T ;s a root of unity, for some integer N = 1,2,3,.. .. 
of this set enjoys the bound 


\£N{r,p)\s < Nexp 


4 7 


(D) 


lo§T^ 


Then the s-length 


Proof. The assertion is immediate from Theorem l7.3.1l since the set S^ir, p) may be 
split as the union of N sefs, each of which may be esfimafed using Theorem l7.3.1l □ 

Lemma 7.3.3. For 0 <r < 1 and 0 <p < +oo, the set 

nr,p)~{CeT: \g{rQ\>p] 

is contained in Sn{t p'), provided N >3 and p' - p cos 

Proof. This follows from a geomefric consideration which involves fhe inscription of 
a regular polygon wifh N edges inside a circle. □ 


Corollary 7.3.4. Suppose g = Pp, where p e L°°(D), and consider, for 0 < r < 1 and 
0 < p < + 00 , the set 

r(n/]):={CeT: \g{rQ\>p]. 

Then the s-length of this set enjoys the bound 


|!F(r,T])ls < min Nexp 


f^p^ cos^ ^ I 


Proof. The assertion is an immediafe consequence of Corollary 17.3.21 fogefher wifh 
Lemma [7.3.3l □ 


In ifs furn, fhis fhen leads fo fhe following resulf, which consfifufes parf (a) of 
Theorem ll.3.11 


Corollary 7.3.5. Suppose g = Pp, where p e L°°(D), and ||pIIl“>(d) < 1- Suppose that 
0 < a < 1. We then have the estimate 


f 


exp 


/\g{rQ\^ 

logi^ 


ds(Q < 


10 


(l-fl)3/2' 


0 < r < 1 . 


Proof. Lef Vr be fhe function defined by 

Mp )\'^{t p)\s, 0<P< +00, 

where fhe sef !F(r, p) is as in Lemma[733] The function p i—> Vr(p) is fhen a decreasing 
funcfion which fakes values in fhe inferval [ 0 , !]■ We realize fhaf 
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and an application of integration by parts together with the estimate of Corollary 
l7.3.4l (for big enough N) shows fhaf 


(7.3.2) 




r\{rQ\^ 

X' log 


ds(C) = 1 + 


^+oo / 

Jo 


jAj^2 


[ log iXr J log iT 


lar^ri 

—Vr{r])drj. 


In fhis sfep, we already used fhaf 0 < a < 1. Nexf, we lef N > 3 be an infeger so big 
thaf 0 < a < cos^ ^ holds. The esfimafe of Corollarv l7.3.4l applied fo (17.3.21 leads fo 


(7.3.3) 


/ 


exp<a 


r\{rQ? 


losii 


ds(C) 


< 1 +N 


f 


exp 


(cos^ §-a) 


rijj2 


logi^Jlogjd 


lar^ri 

—= 1 + 


aN 


cos 




It remains to choose N. We pick N to be the smallest integer with 

n V3 


N> 


(l-fl)l/2' 


then automatically, N > 5, and 


cos'^ - - a> 1 - a- 
N 

At the same time, we have that 

N< 1 + 


n 

W 

n V3 


>1- a 


-a 2 


1 + 71 V3 

(1 - fl)l/2 - (l-fl)l/2' 

and a combination with the above estimate shows that 


1 + 


aN 


cos 




< 1 + 


: V3 + 1 a 
2/3 (1 - fl)3/2 


< 1 + 


9a 


10 


(1 - fl) 3/2 - (1 - fl) 3/2 ■ 

The assertion of fhe corollary now follows from fhe esfimafe (17.3.31 . 

Remark 7.3.6. In parficular. Corollary 17.3.51 shows fhat afvarPp < 
fions p e L°°(D). 


□ 

for func- 


7.4. The control of the moments of a Bloch function. We begin with the following 
easy lemma. 

Lemma 7.4.1. For 0 < s < +oo, we have the inequality 

yS < gSg-s+y^ 0 < y < +00. 

The proof is a calculus exercise and fherefore omitted. 

Proof of Corollarv [l.7 .1\ Wifhouf loss of generalify, we may assume |IpIIl“’(d) = 1- We 
apply fhe above lemma wifh s = y /2 and 

\g{rQ? 


y = ar 


logii^ 


where 0 < a < 1 , and obfain 


(loglXp) 


q/2 


< {qliy^^e exp | af 


, IgjrQl^ 
logT^ 
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After integration along the circle T in the C variable, we obtain 



where in the last inequality we implemented the estimate of Theorem 1 1.3. II We are 
free to pick 0 < a < 1, and with the choice a := qI{q + 3), we arrive at 


£ IgirOmO < 10{e/3fH3 + qf^ (^f\^ log 
which gives the claimed estimate, since e < 3. □ 


8. Conformal and quasiconformal mapping 


8.1. Conformal mappings: the standard classes S and E. It is a central theme in 
Conformal Mapping to analyze the local dilation/contraction/rotation of the mapping 
in question. To be more specific, we introduce the standard class S of univalent 
functions cp : D —> C subject to the normalizations (p{0) = 0 and (p'{0) = 1. We 
consider the function h^{z) := log (p'{z), which may be referred to as the local complex 
distortion exponent. A classical estimate of (due to Koebe and Bieberbach) is the 
inequality 


( 8 . 1 . 1 ) 


l(l-|z|X(z)-2z| = 


(1 - Izr) 




<P'(z) 


-2z 


<4, 


z e D. 


In particular, is in the Bloch space, with seminorm estimate ||/i,p||s(D) 6 . On the 

other hand, Becker's univalence criterion asserts that if cp : D —> C is a function which is 
locally univalent, that is, (p'{z) + 0 for all z e D, and, in addition, ||/i,p||s(D) ^ 1/ then cp 
is necessarily univalent. Moreover, the bound 1 which appears here is best possible 
(see im, ||3)- It seems that we are in a situation somewhat analogous to the what we 
found for PL°°(D) in Subsection l2.2l the set 


hs := (pe vS} 


is contained in 6 times the unit ball of S(]D), and every element g in the unit ball of 
S(D) with ^(0) = 0 is in h^. One minor difference is that we carmot expect hg to share 
the properties of a unit ball (convexity etc). The behavior of hip = log (p' may acquire 
additional boundary growth if the image domain ^(ID) is unbounded, because the 
derivative <p' is taken with respect to the Euclidean structure in the image (p(D) c C. 
To avoid taking such effects into consideration, we can pass to the univalent function 
i/): De —> Coo given by 


( 8 . 1 . 2 ) 




1 

WlQ' 




which has ^{Q = C + 0(1) as C ^ “ and hence is element of the class E. As for i/^, 
we know that the complement of the image domain i/i(Dj) is a compact continuum 
which does not divide the plane, contains the origin, and has diameter at most 4. The 
derivative of ip evaluated at the point 1/z equals 


i/''(l/z) = 


zV'(z) 

[(p(z)p' 


(8.1.3) 


z e D, 
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which encourages us to replace the study of by the study of 

(81-4) = 

The optimal poinfwise esfimafe for fhe local complex disforfion exponenf h^(Q = 
log ip'iQ) is (see ll^, p. 123) 


MOI = |iog'/''(Ol ^ log¬ 


ics 


ICP-I' 

which in ferms of fhe funcfion g(p{z) = h^{llz) reads 

z^(p'{z) , 1 


C e D,, 


(8.1.5) 


\g,p{z)\ = \h 41 /z)\ 


log 


l<p(z)? 


log 


l-|zp' 


z e D. 


8.2. Goluzin's inequality for the class E. There is an analogue of (18.1.Ill found by 
Goluzin in 1943 (see ||T8] , p. 132, as well as 111) which applies fo fhe class E, buf 
confrary fo firsf expecfafions, fhe esfimafe is nof essentially better than for fhe class 
S. Goluzin's inequalify, which is sharp poinfwise, reads as follows: 

A\r\2 . 


( 8 . 2 . 1 ) 


+ #r- 


2 4|CP E(1/|C|) 

- 4ICP L 

E(1/ICI)\ 

1 |C|2-1X(1/|C|) 


^1/ICI)/ 


C e De 


where f!,/,(C) = log and E and K denofe fhe ellipfic infegrals 


1 - S2f2 


f2 


df. 


0 < s < 1, 


and 


K{s) := 




df 


0 < s < 1. 


Jo ^/(l - s^t^Xl - t^)' 

The rafio E{s)/K{s) fends fo 0 as s —> 1“, and if is elemenfary fo obfain the estimates 


,2, m 




0 < s < 1; 


as a consequence, we have that 


( 8 . 2 . 2 ) 

and 

(8.2.3) 


-|C|2-ll K(1/|CI)/- 


2 ^ 4|C| 


K(1/|C|)/- |C|2-1' 

2-2 4|CP E(1/|C|) 


C e D,, 


< 


C e D,. 


|C|2-1 - |C|2-i |C|2-iK(l/|C|) - |C|2-1' 

By inserting the estimates (18.2.21 and (18.2.31 into Goluzin's inequality (18.2.11 , we 
arrive at 

(8.2.4) \Ch'^{Q\ < C e 

which in terms of fhe funcfion g(p{z) = h^{\lz) in (18.1.41 reads 

(8.2.5) (1 - \z\^)\g'{z)\ < 6|z|, z e D. 
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Proposition 8.2.1. Let e L°°(D) be the function 

v^(z) := (1 - z e D. 

2 

Then ||v,pIIl«>(d) < 6, and z^Fv^{z) = gip{z). 

Proof. The norm estimate follows from (18.2.51 , and fhe equalify z^Pvp(z) = gip(z) is as 
in fhe calculafion (14.3.Ill , since y(0) = y'(0) = 0 holds (compare, e.g., wifh fhe esfimafe 
dSTS)). □ 

8.3. Holomorphic motion, Beltrami equations, and quasiconformal extensions. 

We use the standard terminology of quasiconformal fheory. So, for insfance, if 
cp : Qi —> Q 2 is a homeomorphism of complex domains, and if A: is a real paramefer 
wifh 0 < A: < 1, fhen cp is said fo be k-quasiconformal if if of fhe Sobolev class W^'^ 
locally, and enjoys fhe dilafafion esfimafe 

\dz(p(z)\ < k\dz(p{z)\, z e Qi, 

in fhe almosf-ever 5 rwhere sense. We will also need fhe nofion of holomorphic motion 
(see IHTI . Il49] . and fhe recenf book ISl). 

We recall fhaf i/i e Z means fhaf f —> Coo is univalenf wifh ip{Q) = C + 0(1) as 

C —> 00 . Holomorphic mofion will allow us fo embed such a ip wifh a quasiconformal 
exfension C —> C in a chain of conformal mappings indexed by a paramefer A e 
D. The procedure is somewhaf analogous fo fhe Loewner chain mefhod, buf fhe 
deformafion is based on ideas from quasiconformal fheory and Belframi equafions, 
and some aspecfs even rely on mefhods from Several Complex Variables. 

We begin wifh a funcfion p e L°°(D) of norm af mosf 1, fhaf is, more formally, we 
have fhaf p e L°°(C) wifh 

(8.3.1) \p{Q\ < 1d(Q, a.e. C e Coo. 

Nexf, we obfain fhe so-called sfandard solution 'P : D x C —> C fo fhe Belframi 
equation 

dc'k(A, Q = Ap(C) dc'P(A, C), (A, C) e D X C. 

We need fo describe in greafer defail how fo obfain fhis sfandard solufion T^(A, Q. To 
fhis end, we need fhe Cauchy fransform, 

(8.3.2) Cp{Q~ f p^dA(wl 

p — w 

as well as fhe Beurling fransform 

(8.3.3) Sp(Q - Pv £ ^^^dA(w). 

If Mj, sfands for fhe mulfiplicafion operator M^f(Q := p{Qf{Q, fhen 

(8.3.4) 'P(A, Q = C + ACpiQ + A^CM^,Sp{Q + A^CM^SM^,Sp{Q + ■■■ . 

As if furns ouf, for each fixed A e E), 'P(A, ■) is a quasiconformal mapping of Coo, 
which preserves fhe poinf af infinify and whose resfricfion fo is conformal and is 
in fhe class Since d^C = S, fhe complex derivative of 'P(A, •) equals 

(8.3.5) (?c'P(A, Q = 1 + ASpiQ + A^SM^,Sp{Q + A^SM^,SM^,Sp{Q + ■■■ , 
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and if we take the logarithm, the result is 

(8.3.6) H(A, Q ■- log dc'hCA, C) = AHi(C) + A^H 2 iQ + A^HsiQ + ■■■, 
where 

(8.3.7) Hi(Q = S^(C), HiiQ = SMf,Sf((Q - i [S^{Q]\ 
and the power series (18.3.6t converges for A e D (at least for Q e D^). 

8.4. Beurling transform formulation of the main theorem. As the Beurling trans¬ 
form of fi is connected with the Bergman projection of /i*(z) = p(z) via the relation 

(8.4.1) = -z^Pp’(z), z e D, 

Theorem ll.A.ll al has a formulation involving the Beurling S in place of the Bergman 
projection P: 

(8.4.2) f exp Ug(Q < l<R<+oo, 0 < a < 1, 

-'t I log ^ J 

where C(a) - 10(1 - Moreover, by Theorem ll.3.1f b), no such bound is possible 
for 1 < a < - 1 - 00 . 

8.5. Estimate from above of the universal integral means spectrum of conformal 
mappings with quasiconformal extension. We denote by the collection of all 
i/) e E that have a k-quasiconformal extension if> : Coo —> Coo. Via holomorphic 
motion, any ijj e E^*^l is such that for a suitable constant Co, the function ijj + Cq may 
be fitted into a standard Beltrami solution family 'P(A, •) at the parameter value A = k. 
The correct value of the constant Co is Co := lim(;^oo C~4’(0- This means that we may 
focus our attention to standard Beltrami solution families 'P(AC), and think of k as |A|. 
By the global estimate (18.2.41 , which comes from Goluzin's inequality, we know that 
the function H(A, Q defined by (18.3.61 meets 

(8.5.1) IC^cH(A,C)l< AeD, C e D,. 

In terms of the function 

(8.5.2) G(A,z) := A,z e D \ (0), 

A 

where the singularities at A = 0 and z = 0 are both removable, the estimate analogous 
to (18.5.11 reads (compare with (18.1.51 1 

(8.5.3) (1-|z|2)|^^g(A,z)|< 

|A| 

The left-hand side of (18.5.31 is subharmonic in A e 
we may improve this estimate a little: 

(8.5.4) (l-|z|2)|d,G(A,z)|<6|z|, 

The expansion (18.3.61 has an analogue for G(A,z): 

(8.5.5) G(A,z) = (5o(z) -(- AGi(z) -e A2G2(z) -e • • • , 


A,z e D. 

D, so by the maximum principle, 
A,z e D. 
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where Gy(z) Hj+i{llz), so that 

(8.5.6) Go(z) = Sfi(l/z) = -z2p^*(z), Gi(z) = SM,,S^/(l/z) - i [Sfi(l/z)]^.... 


The function G(A, z) enjoys the global growth estimate 

1 


(8.5.7) 


A,z e D, 


|G(A,z)|<logY3^, 

which may be derived from (18.2.51 by an applicafion of fhe maximum principle (or 
fhe Schwarz lemma). Nexf, lef va e L°°(D) be fhe funcfion 

va(z) (1 - A,zeD, 

z 

which by (18.5.31 and Proposition 18.2.11 has ||va||l“(d) ^ 6 and z^Pva(z) = G(A,z). We 
consider for a momenf fhe funcfion 

G(A,z) - Go(z) z^Pva(z) + z^Vy*{z) z'^F{va + p’)(z) 


(8.5.8) 


F(A,z):= 


A A A 

for A, z e D, which is holomorphic across A = 0 in view of fhe expansion (18.5.51 and 
fhe formulae (18.5.61 . Since |||U||l“(d) ^ 1 and ||va||l”(d) 6, we clearly have fhaf 


(8.5.9) 


va + p* 


A e D. 


^ L“(D) 

Lef us choose a small number 0 < e < 1, and lef Na,^ denofe fhe funcfion which equals 

Va + p* 


Na,.(z) - 


A 


z e D, 1 - e < |A| < 1, 


whereas for |A| < 1 - e, fhe funcfion NA,e(z) is given as fhe Poisson exfension fo fhe 
inferior of fhe boundary values on fhe circle |A| = 1 - e. By fhe maximum principle 
applied fo (18.5.91 , we find fhaf 

(8.5.10) l|NA,e||L“(+D) ^ -/ A e D. 

1 - e 

As faking fhe Poisson exfension preserves fhe holomorphic functions, if is a conse¬ 
quence of (18.5.81 fhaf F(A,z) = z^PNA,e(z), and if follows from (18.5.81 fhaf 

G(A,z) = Go(z) + AF(A,z) = -z2pp‘(z) + Az2pNa,.(z) = z2p(-p‘ + ANa,.)(z). 

From fhe esfimafe (18.5.101 , we see fhaf 


II - p* -F ANA,e||L“(D) < 1 + Y"”' 
and by Theorem 1 1,3, 11 we gef fhaf 

afvarG(A, •) < II - P* + ANA,e|lL„(pj ^ (l + • 

The leff hand side does nof depend on fhe choice of e, and we are free fo lef e —> O’*": 

afvarG(A,-) < (1 + 7|A|)l 

Multiplying G(A,z) by fhe paramefer A resulfs in multiplying fhe asympfofic fail 
variance by |Ap: 


atvarAG(A,z) = |Apatvar G(A, •). 




































30 


HAAKAN HEDENMALM 


Finally, by Corollary I3.4.2I we may estimate the exponential type spectrum of the 
function exp(AG(A, ■)): 

(8.5.11) /lAG(A,.)(f) < j|Af|'(l + 7|A|)2. 

Proof of Theorem \T.8.1\ Since 

AG(A, 1/C) = H(A, C) = log^c'I'CA, Q, 

and the exponential type spectrum estimate (18. 5. lit is independent of fhe choice of 
dilafafion coefficienf p in fhe unif ball of L°°(D), fhis complefes fhe proof of Theorem 
11.8.11 since by holomorphic mofion any e can be fitted info a sfandard Belframi 
solufion family W/A, •) for fhe paramefer value A - k (see, eg., fhe book fS)). □ 

Remark 8.5.1. The source of loss of informafion in fhe proof of Theorem ll.8.1l is fhe facf 
thaf in fhe expansion (18.3.6t , we can only effecfively analyze fhe firsf ferm, AHi(C). 
Much deeper undersfanding should resulf from an analysis of fhe resf of fhe ferms, 
individually and puf fogefher. If is, however, known fhaf each coefficient Hj{Q is 
in planar BMO and hence its restriction to Dg is in the Bloch space (see Hamilton's 
paper 11911 , which builds on work of Reimarm). 


9. The dimension estimate for quasicircles 

9.1. Pommerenke's Minkowski dimension bound. If we combine fhe esfimafe 
B(A:, t) < jk^\t\^{l + 7k)^ from Theorem II. 8. II wifh Pommerenke's Minkowski dimen¬ 
sion esfimafe 1|4^ , which refines an esfimafe of Makarov f38l , we obtain the following. 
Lef F(k, t) be fhe quadrafic funcfion 

P{k,t) ■- ^kh\l + 7kf-t + \, 

where 0 < A: < 1 and 1 < f < 2 are considered. Then, ift = tk is a root to F{k, t) = 0 with 
1 < 4 < 2, and ifdtF{k, t)\t=t,. < 0, we have that < 4 . 


Proof of Corollary \l.9.1\ For small k, more precisely, 0 < k < { Vl5 - 1)/14 = 0.205..., 
fhe equafion F(k, t) = 0 has exacfly one roof in fhe inferval 1 < f < 2, and denofe by if 
by f = 4; explicifly, if is given by 


4 


^JT^l^(l + 7kf 4 


where fhe asympfofics is as k —> 0"^. Moreover, if is easy fo verify fhaf dtF{k, f)|f =4 < 0, 
which means fhat F(k, t) assumes negative values to the right of t - 4 . By Pom¬ 
merenke's estimate (see above), then, it follows fhaf 


Dl,jk)<t, = l + j+0{k% 


and, in view of 11.9.11 and 11.9.21 , we obfain 



2k' \ 

l + {k'f} 


<l + {k'f + 0{{k'f), 


□ 


as claimed. 
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10. On a CONJECTURE OF MARSHALL 

10.1. Marshall's conjecture. The following conjecture is from Donald Marshall's 
notes Il4^ . Recall the notation atvar^ and atvarj,^ for the asymptotic and uniform 
asymptotic tail variances of a Bloch function g and a collection of Bloch functions 0, 
respectively (see (13.1.51 and (I3.1.9H . 

Conjecture 10.1.1. (Marshall) For every cp & S, we have that atvary^ < 1, where is 
given by (18.1.41 . Indeed, we should have that atvar„ < 1, where := {gtp : <p e S]. 


More explicitly, the first (weaker) part of Marshall's conjecture amounts to having 

(10.1.1) limsup rexp^lds(C) <+00 

r^l- Jt [ log irp J 

for every fixed a, 0 < a < 1, and every conformal mapping (p ^ S. This goes beyond 
even Theorem ll.3.1[ as we shall see. 

A related approximate exponential quadratic integrability result was obtained by 
Baranov and Hedenmalm (for details, see la, pp. 20-23). Following ideas devel¬ 
oped by Jones and Makarov 1321 , it was derived from the well-known exponential 
integrability of the Marcinkiewicz-Zygmund integral. 


10.2. Marshall's conjecture and standard Beltrami solution families. The strong 
form of Marshall's Coniecture llO.l.ll savs that for every 0 < a < 1, we have that 

r ( IhJRQl^] 

(10.2.1) limsup sup I expla->ds(C) <-i-oo, 

K^l+ ipeL Jt I log J 

where h^,{Q = log before. We will analyze some implications of this conjec¬ 

ture in the setting of a standard Beltrami solution family W{A, Q, as in Subsection l8.5l 
and we retain most of the notation from there. In this context, (110.2.11 entails that 

(10.2.2) limsupsup f exp la|ds(C) <-H”, 

K^i+ A€D Jt I log J 

for every 0 < a < 1. We use polar coordinates and write A = pco, where 0 < p < 1 and 
o) e T. From the Plancherel identity and the geometric-arithmetic mean inequality 
(or Jensen's inequality), we see that 


(10.2.3) 



log#T 



= lim 

P 


im r 

Jt 

< lim r r 

Jt Jt 


exp 


r |H(pai,RQp 
Jt log 


ds(ai) ds(C) 


exp 


|H(pai,RQp 




^ds(C)ds(ai) 


< sup 

AeD 



|H(A,RQP 

' log ^ 
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It is now clear that Coniecture llO.l.lj amounts to a far-reaching extension of Theorem 
11.3.If a), since fhaf fheorem only involves fhe firsf ferm in expansion on fhe leff-hand 
side of (110.2.311 . 

Remark 10.2.1. In 1421 , Marshall explains how under some additional uniformify of 
fhe consfanfs involved, fhe implicafion arrow in Corollarv l3.4.2l mav be reversed. See 
also fhe paper by Hedenmalm and Kayumov l23l , p. 2240. Marshall's conjecfure 
implies fhe well-known conjecfures of Binder, Kraefzer, Brennan, Carleson and Jones, 
and in a sense if may be fhoughf of as equivalenf fo a sfrong form of fhe mosf exfensive 
conjecfure (fhaf of Binder). 
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